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SUMMARY

Awall-driven incompressible viscous flow in a 1
2 circular cavity is simulated, based on the lattice Boltzmann

method (LBM). The treatment of curved boundary with second-order accuracy is used. The force evaluation
is based on the momentum-exchange method. The streamlines and vorticity contours and the velocity
component along the central line of a semi-circular cavity are obtained for different Reynolds numbers.
The numerical results show that the LBM can capture the formation of primary, secondary and tertiary
vortices exactly as the Reynolds number increases and has a great agreement with those of current
literatures. Copyright q 2008 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The lattice Boltzmann method (LBM) has recently become an alternative method for computational
fluid dynamics and has achieved great success in simulating a wide variety of physical systems in the
past decades [1–8], such as multi-phase flow, suspension flow and flow in the porous media, which
are quite difficult to simulate by conventional methods. This method can be either regarded as an
extension of the lattice gas automation [9] or as a special discrete form of the Boltzmann equation
for kinetic theory. Unlike conventional methods, which are based on macroscopic continuity
equations to determine macroscopic fluid dynamics, LBM is based on the microscopic dynamics
of fluid. Basically, it has two processes: streaming and collision. The LBM has demonstrated a
significant potential and broad applicability with many computational advantages including easy
handling of complex boundary conditions, efficient hydrodynamics simulations, the parallel of
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algorithms and the simplicity of programming. In the foreseeable future, the LBM method is likely
to play a significant role in the numerical prediction of flows. An introduction to the LBM theory,
methodology and the current status may be obtained from References [10–12].

Numerical methods for two-dimensional steady incompressible Navier–Stokes equations are
often tested for code validation, such as the lid-driven cavity flow, a very well-known benchmark
problem [13–15]. Owing to the simplicity of the cavity geometry, applying a numerical method on
this flow problem in terms of coding is quite easy and straightforward. It is possible to find different
numerical approaches that have been applied to the driven cavity flow problem [16–24], such as
finite differences, finite elements, spectral analysis, lattice Boltzmann, multi-grid, etc. Fluid flows
in a circular cavity have been less studied than those in a square cavity, even though the two flow
patterns have geometric similarities, on account of the complex boundary conditions. For example,
Glowinski et al. [21] employed an operator-splitting/finite elements method to handle fluid flow in
a semi-circular cavity and captured the formation of primary, secondary and tertiary vortices and
identified a Hopf bifurcation phenomenon around Re=6600. Erturk et al. [17] presented numerical
solutions of the two-dimensional steady incompressible driven cavity flow for Re<21000 by
using the stream function and vorticity formation of the Navier–Stokes equations. Hou et al. [13]
simulated the cavity flow by LBM and presented solutions for Re=7500. They made extensive
comparison of LBM results with Navier–Stokes solution results of Ghia et al. [16]. Nishida and
Satofuka [18] presented a new higher-order method for the simulation of the driven cavity flow.

In this article, our main goal is to investigate the capability of LBM for handling incompressible
viscous flow accurately at large Reynolds number in regions with corners and curved boundaries
and capturing bifurcation phenomenon as the Reynolds number increases. A wall-driven flow in a
two-dimensional semi-circular cavity problem is investigated.

In the following section, the mathematical formulation of the lattice Boltzmann model is
described. In Section 3, a wall-driven flow in two-dimensional semi-circular domain is simulated
numerically, and Section 4 gives concluding remarks.

2. MATHEMATICAL FORMULATION

2.1. Background of the lattice Boltzmann equation

The most widely used lattice Boltzmann equation is a discretized version of the model Boltzmann
equation with a single relaxation time factor due to Bhatnagar et al. [25]. A D2Q9 scheme is
adopted in this work, where D refers to space dimensions and Q to the number of different velocity
at a computational node. Here, each node comprises eight moving particles and a rest particle (see
Figure 1). A discrete velocity model of the Boltzmann equation discreted in space x and time t is
given by

f�(x+e��t , t+�t )− f�(x, t)=−1

�
[ f�(x, t)− f (eq)

� (x, t)] (1)

where e�(�=0,1, . . . ,8) is a discrete velocity vector,

[e0,e1,e2,e3,e4,e5,e6,e7,e8]=
[
0 1 1 0 −1 −1 −1 0 1

0 0 1 1 1 0 −1 −1 −1

]
c, f�(x, t)
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INVESTIGATION OF INCOMPRESSIBLE FLOW 921

Figure 1. Discrete velocity set of two-dimensional nine-velocity (D2Q9) model.

is particle distribution function, also named population, and f (eq)
� (x, t) is the equilibrium distribu-

tion function of the �th discrete velocity, respectively, �t is time step and � is the dimensionless
relaxation time, which is related to the kinetic viscosity �= 1

3 (�− 1
2 ).

The equilibrium distribution function f (eq)
� (x, t) in Equation (1) is obtained by expanding the

Maxwell–Boltzmann distribution function in Taylor series of u up to second order [5] and can be
expressed in general as

f (eq)
� (x, t)=���

[
1+ 3

c2
(e� ·u)+ 9

2c4
(e� ·u)2− 3

2c2
u2

]
(2)

where c≡�x/�t , �x is the lattice length of the underlying lattice space; in this work the lattice
length �x and time step �t are set to be a unit, then c is a unit velocity, the coefficient �� depends
on the discrete velocity (�� = 4

9 for �=0; �� = 1
9 for �=1–4; �� = 1

36 for �=5–8), the speed of

sound is cs=c/
√
3. The lattice Boltzmann models should describe the dynamics of macroscopic

variables. The macroscopic variables u,� are some linear combinations of the distribution function
at the same point. The macroscopic variables are invariants of collisions

�=∑
�

f�, �u=∑
�
e� f� (3)

The single-particle distribution function f�(x, t) is evolved by advection and collision on a fixed
computational lattice. During the collision step, the particles readjust their states while the overall
mass and momentum at the computational node are conserved. In the subsequent step, that is
advection, the particles move to the nearest neighbors along their respective velocity direction.
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That is,

Collision: f̃�(x, t)= f�(x, t)− 1

�
[ f�(x, t)− f (eq)

� (x, t)] (4a)

Advection: f�(x+e��t , t+�t )= f̃�(x, t) (4b)

where f̃�(x, t) is an intermediate particle distribution function. The computational process is explicit
and parallel naturally. The collision step is completely local and the advection step is uniform and
requires little computational efforts.

The Navier–Stokes equations are recovered in near incompressible limit (i.e. the Mach number
Ma=|u|/cs�0.3) by the Chapman–Enskog expanding

∇ ·u = 0

ut +(u·∇)u = −∇ p+��u
(5)

where p is the fluid pressure, which is given by p=c2s�, with cs=1/
√
3 being the dimensionless

speed of sound.

2.2. The curved boundary treatment

Consider a part of an arbitrary curved boundary, as shown in Figure 2, where xw denotes the
intersections of the boundary with various lattice-to-lattice links, xf denotes the fluid node near the
boundary and xb denotes the solid node near the boundary. The fraction of an intersected link in
the fluid region, �, is defined by �=‖xf−xw‖/‖xf−xb‖. Obviously, 0���1 and the horizontal
or vertical distance between xb and xw is ��x on the square lattice.

δ

Figure 2. Layout of the regularly spaced lattices and curved wall boundary.
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Generally, the bounce-back boundary condition has been used to deal with a solid boundary
in order to approximate the no-slip boundary condition. However, it is well understood that this
bounce-back boundary condition satisfies the no-slip boundary condition with a second-order
accuracy at the location one-half lattice spacing (�= 1

2 ) outside of a boundary node where the
bounce-back collision takes place; and this is only true with simple boundaries of straight lines
parallel to the lattice grid [26]. For a curved boundary, simply placing the boundary halfway
between two nodes will alter the geometry on the grid level and decrease the accuracy of the flow
field and the force on the body.

Because the bounce-back boundary condition plays an important role in lattice Boltzmann
simulations, substantial works have been done to improve the accuracy. A second-order accurate
boundary condition for curved geometry was developed in conjunction with the use of a Cartesian
grid in order to retain the advantages of the LBM. An interpolation scheme is employed only at the
boundaries to obtain f̃�(xi , t). The detailed assessment on the impact of the boundary condition on
the accuracy of the flow field has been given in Reference [27]. Substantial evidence shows that
the bounce-back boundary conditions combined with interpolations, and including the one-half
grid spacing correction at boundaries, are in fact second-order accurate and capable of handling
curved boundaries. Suppose the particle momentum moving from xf to xb is e� and the reversed
one from xb to xf is e� =−e�, after the collision step, f̃�(x, t) on the fluid side is known, but
not on the solid side. Here, we shall use e� and f� to denote the velocity and the distribution
function coming from a solid node to a fluid node, and f� is the unknown variable. To finish the
advection step

f�(xb+e��t , t+�t )= f̃�(xb, t)

where Filippova and Hänel [28] proposed the linear interpolation

f�(xb, t)=(1−�) f̃�(xf, t)+� f (∗)
� (xf, t)+2w��

3

c2
e� ·uw (6)

where uw is the velocity at the wall and � is the weighing factor that controls the linear interpolation
or extrapolation between f̃�(xf, t) and f ∗

� (xb, t), a fictitious equilibrium distribution function
given by

f (∗)
� (xb, t) = w��

[
1+ 3

c2
(e� ·ub f )+ 9

2c4
(e� ·u f )

2− 3

2c2
u2f

]

= f (eq)
� (xf, t)+w��

3

c2
e� ·(ub f −u f ) (7)

Here, ub f and � are given by

ub f =u f (xf+e��t , t), �= 2�−1

�−2
, 0���0.5

ub f = 2�−3

2�
u f + 3

2�
uw, �= 2�−1

�+0.5
, 0.5��<1
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By applying Chapman–Enskog expansion for the distribution function at the boundary

f̃�(xb, t) = f̃�(xf, t)−�[ f̃�(xf, t)− f (eq)
� (xf, t)]

+���(xf, t)
3

c2
e� ·[�(ub f −u f )−2uw] (8)

the treatment of boundary condition can lead to a second-order accurate no-slip boundary condi-
tion [29].

2.3. The force evaluation based on the momentum-exchange method

One important issue is the accurate determination of the fluid dynamic force involving curved
boundaries in the LBM simulation. In addition to an estimate of shear stress, �21, via the partial
derivative of the mean velocity profile, that is �21=	du/dy, the lattice Boltzmann approach
provides an alternative way of computing the viscous shear stress [27]

�21=
(
1− 1

2�

)∑
i
f neqi ei x eiy

where f neqi = fi − f eqi is the nonequilibrium distribution function, eix and eiy are the x th and
yth Cartesian component of the discrete velocity ei , respectively. An advantage of this approach
compared with the partial derivative is that it is local and thus provides an accurate measure of
the immediate vicinity of the wall.

Several force evaluation schemes, including momentum-exchange and integration of surface
stress [27], have been used. In this work, the momentum-exchange method will be employed.

An array w(i, j) is first introduced

w(i, j)=
{
0 for fluid nodes

1 for solid nodes

For a given boundary node xb inside the solid region, the momentum-exchange with all possible
neighboring fluid nodes over a time step is

∑
� �=0

e�[ f̃�(xb, t)+ f̃�(xb+e��t , t)][1−w(xb+e��t )]

Simply summing the contribution over all boundary nodes xb belonging to the body, the total force
acted by the solid body on the fluid is obtained as

F= ∑
all xb

∑
��=0

e�[ f̃�(xb, t)+ f̃�(xb+e��t , t)][1−w(xb+e��t )] (9)

The force F is evaluated after the collision step is carried out. The effect of � is implicit taken
into account in the determination of f̃�(xb, t+�t ).
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3. NUMERICAL SIMULATION

3.1. Problem description and boundary conditions

An incompressible viscous fluid fills a 1
2 circular cavity where the straight part of the boundary

is translating with an assigned velocity and the curvilinear part maintains motionless, as shown in
Figure 3. The domain occupied by the fluid is the two-dimensional region of space.

In the present simulation, the computation domain with 512�x ×256�x lattice is selected, the
streaming velocity U is given. The Reynolds number is defined as Re=UD/�, where D is the
characteristic length of the domain, U is the characteristic velocity of the fluid, � is the kinetic
viscosity of the fluid. Here, we have taken U equal to the norm of the sliding velocity of the
upper wall and D equal to the diameter of the cavity. The dimensionless drag coefficient CD=
FD/(0.5�U 2D), where FD is the drag force acted on solid body.

3.2. Effects of the Reynolds number

The effects of the Reynolds number on the cavity flow are examined. The fluid flow is researched
for the Reynolds number in the sequence 500,1000,2000,3000,5000,6600. When the Reynolds
number is large enough, the solution does not reach a steady state anymore but shows an oscillatory
behavior. The simulation is terminated when the following criterion based on the relative L2-norm
error in the fluid region � is satisfied

E2=
√∑

xi∈� ‖u(xi , t+1)−u(xi , t)‖2∑
xi∈� ‖u(xi , t+1)‖2 �
 (10)

In this work, 
=10−6 was chosen.
Steady states were reached for the Reynolds number up to 6600, streamlines, vorticity contours

of the steady states for Re=500,1000,2000,3000,5000,6600 are reported in Figures 4–9. The
stream function, which is not a primary variable in the LBM simulation, is obtained from the
velocity data by integration. That is u=�y,v=−�x , and vorticity function can be obtained by
the following formulation w=vx −uy . When the Reynolds number is small, the final steady state

u=0  v=0
1

x

2
x

o

fluid

u=U   v=0

Figure 3. Wall-driven flow in a semi-circular cavity.
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Figure 4. Streamlines and vorticity contours for Re=500: (a) streamlines and (b) vorticity contours.
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Figure 5. Streamlines and vorticity contours for Re=1000: (a) streamlines and (b) vorticity contours.
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Figure 6. Streamlines and vorticity contours for Re=2000: (a) streamlines and (b) vorticity contours.
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Figure 7. Streamlines and vorticity contours for Re=3000: (a) streamlines and (b) vorticity contours.
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Figure 8. Streamlines and vorticity contours for Re=5000: (a) streamlines and (b) vorticity contours.
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Figure 9. Streamlines and vorticity contours for Re=6600: (a) streamlines and (b) vorticity contours.
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consists of one vortex only and no separation occurs. As the Reynolds number increases, separation
occurs and the size and shape of the separated region changes and first a secondary vortex and
then a tertiary vortex arises. As we can see in Figures 4–9. Figures 10–15 show the results of
Reference [21] at Re=500,1000,2000,3000,5000,6600, respectively. The present result agrees
well with Reference [21].

Figure 10. Streamlines and vorticity contours for Re=500 in Reference [21]. The top one is streamlines
and the bottom one is vorticity contours.

Figure 11. Streamlines and vorticity contours for Re=1000 in Reference [21]. The top one is streamlines
and the bottom one is vorticity contours.
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Figure 12. Streamlines and vorticity contours for Re=2000 in Reference [21]. The top one is streamlines
and the bottom one is vorticity contours.

Figure 13. Streamlines and vorticity contours for Re=3000 in Reference [21]. The top one is streamlines
and the bottom one is vorticity contours.

The fluid motion generated in this cavity is an example of closed streamline problems that
are of theoretical importance because they are part of a broader field of steady, separated flows.
Unlike in the square cavity, a major vortex occupies the central part of the domain while minor
vortices appear at the lower corners and the top-left [13]. In the case of 1

2 circular cavity, the
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Figure 14. Streamlines and vorticity contours for Re=5000 in Reference [21]. The top one is streamlines
and the bottom one is vorticity contours.

Figure 15. Streamlines and vorticity contours for Re=6600 in Reference [21]. The top one is streamlines
and the bottom one is vorticity contours.

vortices develop at the bottom and as the Reynolds number increases, they grow pushing the main
vortex to the right part of the cavity. Vortex centers are characterized as the local extremum of the
stream function. Actually, this phenomenon is tracked by the point where the minimum value of
the stream function � is attained.
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In Table I, we have summarized the minimum value of � and its location at various Reynolds
numbers and given the result of center of primary vortex in Reference [21].

The effects of the Reynolds number on the velocity distribution are also examined. The u-velocity
component along the line x1= 1

2 and v-velocity component along the line x2= 1
4 are presented and

Table I. Properties of vortices, minimum stream function value and location of center of vortices.

Reynolds Minimum Center of Center of Center of Center of primary vortex
number stream function � primary vortex secondary vortex tertiary vortex in Reference [21]
500 −0.0099 (0.6423,0.3099) — — —
1000 −0.0187 (0.6221,0.2983) (0.1566,0.2230) — (0.6156,0.2971)
2000 −0.0178 (0.6309,0.2955) (0.1750,0.3156) — (0.6329,0.2958)
3000 −0.0184 (0.6468,0.2971) (0.1795,0.3281) — (0.6548,0.2969)
5000 −0.0550 (0.6715,0.3027) (0.2124,0.3196) (0.2752,0.0752) (0.6809,0.3012)
6600 −0.0216 (0.6804,0.3112) (0.2327,0.3156) (0.3405,0.0841) (0.7006,0.3106)
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Figure 16. The comparison of the velocity profile for different Reynolds numbers. The dashed line
represents the u-velocity component along the line x1= 1

2 , while the solid line represents the v-velocity
component along the line x2= 1

4 , the asterisk (∗) represents the result of Reference [21], respectively:
(a) Re=500; (b) Re=1000; (c) Re=2000; (d) Re=3000; (e) Re=5000; and (f) Re=6600.
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the comparison of the velocity profile for present result with that of Reference [21] are shown in
Figure 16.

Some selection values corresponding to the profiles are listed in Tables II and III.
It is shown that our results have a great agreement with those in the current literatures and

validate LBM in dealing with the case.

Table II. Tabulated u-velocity component along the line x1= 1
2 at various Reynolds numbers.

x2 Re=500 Re=1000 Re=2000 Re=3000 Re=5000 Re=6600

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0275 −0.0571 −0.0613 −0.0222 0.0054 0.0245 0.0202
0.0569 −0.1322 −0.1701 −0.1289 −0.0745 0.0093 0.0209
0.0863 −0.2121 −0.2906 −0.2849 −0.2415 −0.0794 −0.0098
0.1157 −0.2807 −0.3728 −0.3891 −0.3808 −0.2603 −0.1153
0.1451 −0.3208 −0.3869 −0.3864 −0.3862 −0.3773 −0.2762
0.1745 −0.3228 −0.3430 −0.3219 −0.3178 −0.3416 −0.3160
0.2039 −0.2880 −0.2702 −0.2454 −0.2422 −0.2621 −0.2539
0.2333 −0.2259 −0.1888 −0.1704 −0.1701 −0.1863 −0.1824
0.2628 −0.1477 −0.1057 −0.0958 −0.0988 −0.1141 −0.1174
0.2922 −0.0619 −0.0211 −0.0198 −0.0264 −0.0434 −0.0567
0.3216 0.0254 0.0661 0.0588 0.0478 0.0267 0.0016
0.3510 0.1094 0.1556 0.1408 0.1246 0.0971 0.0591
0.3804 0.1862 0.2437 0.2273 0.2059 0.1696 0.1181
0.4098 0.2606 0.3211 0.3143 0.2931 0.2474 0.1828
0.4392 0.3712 0.3842 0.3830 0.3734 0.3244 0.2563
0.4686 0.6019 0.5314 0.4350 0.4094 0.3512 0.3098
0.5000 0.9826 0.9810 0.9729 0.9661 0.9406 0.8754

Table III. Tabulated v-velocity component along the line x2= 1
4 at various Reynolds numbers.

x1 Re=500 Re=1000 Re=2000 Re=3000 Re=5000 Re=6600

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1157 0.0292 −0.0041 −0.0226 −0.0364 −0.0782 −0.1120
0.1745 0.0547 0.0137 −0.0129 −0.0192 −0.0399 −0.0532
0.2333 0.0872 0.0640 0.0095 0.0039 0.0064 −0.0046
0.2922 0.1335 0.1607 0.0801 0.0305 0.0423 0.0433
0.3510 0.1857 0.2727 0.2666 0.1962 0.0591 0.0836
0.4098 0.2194 0.3033 0.3757 0.4126 0.3498 0.1669
0.4686 0.2085 0.2307 0.2762 0.3139 0.3939 0.4493
0.5275 0.1504 0.1301 0.1638 0.1937 0.2523 0.2884
0.5863 0.0665 0.0387 0.0653 0.0884 0.1313 0.1644
0.6451 −0.0229 −0.0452 −0.0279 −0.0106 0.0226 0.0555
0.7039 −0.1146 −0.1258 −0.1183 −0.1063 −0.0795 −0.0514
0.7627 −0.2235 −0.2101 −0.2080 −0.2026 −0.1828 −0.1641
0.8216 −0.3586 −0.3339 −0.3033 −0.3021 −0.2966 −0.2878
0.8804 −0.3879 −0.4555 −0.4809 −0.4704 −0.4475 −0.4292
1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Further, the drag coefficient decreases as Re increases, as found in other laminar flow configu-
rations. This can be seen by introducing the dimensionless quantities

u′ = u

U
, x ′ = x1

D
, y′ = x2

12D
(11)

The stress on the wall is given by Newton’s formula

�21=	
�u
�x2

(12)

where u is the x1 component of velocity and 	 is the kinetic viscosity. The drag force on this
surface, FD, is defined in Equation (9) and computed also as

FD=
∫ D

0
�21 dx1=

∫ 1

0
	

U�u′

1/2D�y′ D dx ′ =
∫ 1

0
2	U

�u′

�y′ dx
′ (13)

The drag coefficient can then be expressed as

CD= 2FD
�U 2D

= 4

Re

∫ 1

0

�u′

�y′ dx
′ (14)

Figure 17 shows the comparison of the dimensionless drag coefficient for 1
2 circular cavity with

that of a plane for different Reynolds numbers. The present result is gradually close to that of a
plane as the Reynolds number increases. The drag coefficient of a plane Cplane

D =1.328/
√
Re. It

suggests that our result agrees well with the theoretical value.
The evolution of the L2-norm of the velocity in the neighborhood of the critical point can be

seen from Figure 18. For Re=6600, a steady state is reached: the L2-norm of the velocity gets flat.
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Figure 17. Comparison of the drag coefficient for the present result with that of a plane (theoretic value)
for different Reynolds numbers.
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Figure 18. Evolution of the L2-norm of the velocity for Re=6600.

4. CONCLUDING REMARKS

A wall-driven flow within a semi-circular cavity is simulated by the lattice Boltzmann method
(LBM). The flow is evaluated for various Reynolds numbers, respectively. The treatment of curved
boundary with secondary-order accurate is used. The numerical results show that when the Reynolds
number is small, the final steady state consists of one vortex only. As the Reynolds number
increases, a secondary vortex and then a tertiary vortex arises. In the case of a semi-circular cavity,
the vortices develop at the bottom and as the Reynolds number increases, they grow pushing the
main vortex to the right part of the cavity. Our results have a great agreement with [21] and further
LBM has the capability to deal with the cases.
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